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ON A FAMILY OF DIFFERENTIAL-REFLECTION OPERATORS: 
INTERTWINING OPERATORS, AND FOURIER TRANSFORM OF 
RAPIDLY DECREASING FUNCTIONS 

SALEM BEN SAID, ASMA BOUSSEN & MOHAMED SIEI 

Abstract. We introduce a family of differential-reflection operators A. 4 _£ acting on 
smooth functions defined on R. Here A is a Strum-Liouville function with additional 
hypotheses and s 6 R. Eor special pairs (A, e), we recover Dunkl’s, Heckman’s and 
Cherednik’s operators (in one dimension). The spectral problem for the operators A^.e 
is studied. In particular, we obtain suitable growth estimates for the eigenfunctions of 

As the operators A^.e are mixture of didx and reflection operators, we prove the 
existence of an intertwining operator between A^.e and the usual derivative. The 
positivity of Va,e is also established. 

Via the eigenfunctions of A. 4 _g, we introduce a generalized Eourier transform ^a,e- 
An L^-harmonic analysis for J^a,e is developed when 0 < p < ^ , and -1 < e < 1. 

In particular, an L^-Schwartz space isomorphism theorem for ^a,e is proved. 


1. Introduction 


Dunkl’s ascertainment in the late eighties of the operators that now bear his name is 
one of the most significant developments in the theory of speeial funetions assoeiated 
with root systems lEUll . Some early work in this area was done by Koomwinder A 
lot of the motivation for the subject comes from analysis on symmetrie spaees. In the 
one-variable cases, spherical functions on Riemannian symmetric spaces can be written 
as special functions depending on parameters whieh assume only special discrete values. 
The case of more general parameter values yields speeial funetions associated with root 
systems. 

In |[20ll Dunkl generalized the operator djdx to a mixture of a differential and a re¬ 
flection operators (in one dimension): 



or > -1/2. 


( 1 . 1 ) 


By the specialization a = ^d- 1 with d 6 N> 2 , the operator D^, eoineides on even func¬ 
tions with the radial part of the Laplace operator on the flat symmetric space M(d)IS 0(d), 
where M(d) is the motion group of K."^. Important work in the analysis of Dunkl opera¬ 
tors has been done by several authors (see Il22] - I24ll32ll421l45fl47l[55]l ; this list is far from 
being complete). 
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Some years after, Heekman wrote down a trigonometrie variant of the Dunkl 
operators (1.1) (in one dimension): 

Hafif(x) = fix) + |(2q' + 1) eoth x + (2)3 + 1) tanh v| j ^ 

where a > (3 > -\/2 and a -1/2. Heckman’s operators play a key role in proving 
the existence of the nowadays called Opdam’s shift operators. For a = j{p - 1) and 
(3 = \iq - 1) with ^ > 0, the restriction of to even functions coincides with 
the radial part of the Laplace-Beltrami operator on Riemannian symmetric spaces of the 
non-compact type and of real rank one. Significant results in the analysis of Heckman 
operators have been obtained by several authors (see for instance IM [33] - [3513D1HT]| ). 

Next, in [fT3ll Cherednik made a slight but significant variation of Heckman’s operator. 
He put (in one dimension) 

W = /'« . {,2„ . ,)co.h . . (2, . ,) .a„h.) (1.2) 


where a > /3 > -1)2, a -1/2, and ^? = Qr-i-/3-i-l.ltis known by now that harmonic 
analysis associated with Hap has a considerable technical difficulties to be overcome 
compare to harmonic analysis for Heckman’s operator Hap (see for instance ll2l [T4ll43l 

M)- 

The growing interest on these differential-reflection operators comes from their rel¬ 
evance for generalizing harmonic analysis on Riemannian symmetric spaces, and from 
their importance for developing new topics in mathematical physics and probability (see 
for instance [|l|25l[M|29l|47llll). 

In the present paper we consider some aspects of harmonic analysis associated with 
the following family of (A, e)-operators 


^A,sf(x) = fix) + 


A'jx) 

Aix) 


|/(f)j^/(2f)j 


sgfi-x). 


where A is so-called a Chebli function on R (i.e. A is a continuous R'^-valued function 
on R satisfying certain regularity and convexity hypotheses), g is the index of A, and 
e G R. We note that g > 0. The function A and the real number s are the deformations 
parameters giving back the above three cases (as special examples) when: 

(1) Aix) = Aaix) = and s arbitrary (Dunkl’s operators), 

(2) Aix) = Aapix) = I sinh xp“’^Hcoshx)^'®'^^ and e = 0 (Heckman’s operators), 

(3) Aix) = Aapix) = I sinhxp"'^Hcoshx)^^'^^ and e = 1 (Cherednik’s operators). 

This paper consists of three parts. In the first part we consider the spectral problem 

for this family of (A, e)-operators. More precisely, let T G C and consider the equation 


AAjix) = iAfix), (1.3) 

where / : R —> C. We prove that there exists a unique solution 'PA,£(d, •) of (1.3) satis¬ 
fying 'TA,£(d, 0) = 1. Moreover, under the assumption -1 < s < 1, we establish in Theo¬ 
rems 32] and S3] suitable estimates for the growth of the eigenfunction T'a^T, x) and of 
its partial derivatives. Our first step is Theorem 4.11 where we prove that 'TA,£(d, •) > 0 
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whenever A g zR. These estimates are the key tools for developing L^-harmonie analysis 
assoeiated with the (A, £)-operators (see Seetions[8]and 9). 

We note that g reduees to the Dunkl kernel in the (AQ.,£)-ease [IZDHll; to the 
Heekman kernel in the (Aq,j 3 , 0)-ease [|3|351; and to the Cherednik kernel (or Opdma’s 
kernel) in the (Aafi, l)-ease [I2ll43]l. 

In the seeond part of this paper we study the existenee and the positivity of an inter¬ 
twining operator between Aa,s and the ordinary derivative. We prove that there exists 
a unique isomorphism Va,s '■ C“(R) ^ C“(R) satisfying Aa,£ o Va,s = 1^a,£ ° with 
VA,Ef(0) = /(O) (see Theorem 16.3) . The eonstruetion of 14, e involves Delsarte type 
operators [I371I49II . 

The intertwining operator 14, e plays a erueial role for developing Fourier analysis 
assoeiated with the (A, e)-operators. In partieular, it allows to write the eigenfunetion 
'kA,£ as 

'PA,£(4;c) = yA,£(e'")(x), (1.4) 

whieh gives a link between the Fourier transform with kernel 'Fa.e (say ^a,s) and the 
Euelidean Fourier transform. This allianee between A^a,e and the Euelidean Eourier 
transform will be a erueial triek to overeome diffieulties in several plaees. 

Another important result eoneerning the intertwining operator 14,e is that the latter is 
of positive type in the sense that, if / > 0 then 14,e/ > 0 (see Theorem ^T). The major 
teehnieal step in the proof of Theorem 17.11 is the positivity of VA,e{ht{u, •)){x), where 
ht{u, v) denotes the Euelidean heat kernel at time t > 0. Eor e = 0 and 1, this result ean 
be found in [15^ and If54]| . We pin down that the positivity of 14,e played a fundamental 
role in [HI in establishing an analogue of Beurling’s theorem, and its relatives sueh as 
theorems of type Gelfand-Shilov, Morgan’s, Hardy’s, and Cowling-Priee in the setting 
of this paper. 

In the partieular ease where A = Aa (see (I)), the intertwining operator I4,£ reduees 
to the Dunkl intertwining operator in one dimension (see for instanee [I45[I46II 1. 

The third part of this paper is eoneerned with a development of the L^-harmonie 
analysis for a Eourier transform ^a,s when 0 < p < — j and -1 < s < 1. Here 

^A,em= f f{xyVAM,-x)A(x)dx 

Jr 

for / G L^(R,A{x)dx). 

Using the estimates for the growth of 'FA,£(d, x) we get the holomorphie properties 

of ^As on U\R,A{x)dx). A Riemann-Lebesgue lemma is also obtained for 1 < p < 

2 

1 + V 1-£2 ■ 

We then turn our attention to an U’-Sehwartz spaee isomorphism theorem for ^a,£- 
In OTlI Harish-Chandra proved an L^-Sehwartz spaee isomorphism for the spherieal 
Eourier transform on non-eompaet Riemannian symmetrie spaees. This result was ex¬ 
tended to L^-Sehwartz spaees with 0 < p < 2 by Trombli and Varadrajan ifSOll (see 
also [l8l|2S[23)- In the early nighties. Anker gave a new and simple proof of their 
result, based on the Paley-Wiener theorem for the spherieal Eourier transform on Rie¬ 
mannian symmetrie spaees [U. Reeently, Anker’s method was used in [391 to prove 
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an L^-Schwartz space isomorphism theorem for the Heekman-Opdam hypergeometrie 
funetions. Our Approach is inspired from Anker’s paper [loe. eit.]. More preeisely, for 
-1 < e < 1 and 0 < p < —i==, put 

Cp,^:=|d6C||Imd|<£)((2/p)-l- Vl - . (1.5) 

Denote by ^(K.) the L^-Sehwartz spaee on R, and by ^(Cp ^) the Sehwartz spaee on 
the tube domain Cp.^. We prove that is a topologieal isomorphism between e5^p(R) 
and ^(Cp.e) (see Theorem [8.111 ). 

We elose the third part of this paper by establishing a result in eonneetion with point- 
wise multipliers of ^(Cp.g). More preeisely, for arbitrary a > 0, a funetion i/r defined 
on the tube domain Cq, := {T 6 C | | Im dl < a] is ealled a pointwise multiplier of ^(Cq.) 
if the mapping (p if/cp h eontinuous from y{Ca) into itself. In dH Betaneor et al. 
eharaeterize the set of pointwise multipliers of the Sehwartz spaces y{Ca)- 

Under the assumptions 0 < p < ^ whenever £> = 0, and ^ < p < ^ 

whenever ^ > 0, we prove that if T is in the dual spaee ^'(R) of ^p(R) sueh that 
if/ := ^a,e(T) is a pointwise multiplier of ,5^(Cp.£), then for any 5 G N there exist P eM 
and eontinuous funetions f,„ defined on R, m = 0,1,..., sueh that 

t 

m=0 

and, for every sueh m, 

sup(|x| -r \f^^^fx)\ < oo. (1.6) 

xeR 

The organization of this paper is as follows: In Seetion 2 we reeapitulate some def¬ 
initions and basie notations, as well as some results from literature. In Seetions 3 and 
4 we study the main properties of the eigenfunetion 'Pa.s- In partieular, we obtain esti¬ 
mates for the growth of and of its partial derivatives. A Laplace type representation 
of the eigenfunetion 'Pa,£ is derived in Seetion 5. Seetions 6 and 7 are devoted to the 
existenee and to the positivity of the intertwining operator Va,e between A^.e and the 
ordinary derivative. In Seetion 8 we develop the L^-harmonie analysis for the Fourier 
transform ^a,e, where we mainly prove an L^-Sehwartz spaee isomorphism theorem for 
P^A,E- Finally, in Seetion 9 we eharaeterize the distributions T G ,.^p(R) so that ^a,e{T) 
is a pointwise multiplier of the Sehwartz spaee y{Cp^s)- 

2. Background 

In this introductory section we present results from ifTSUrTUsniSlll . See also (Sj-lTl. 

Throughout this paper we will denote by A a funetion on R satisfying the following 
hypotheses: 

(HI) A{x) = |a|^“''^'B(a), where a > -\ and B is any even, positive and smooth 
funetion on R with B(0) = 1. 

(H2) A is inereasing and unbounded on R+. 
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(H3) A' /A is a decreasing and smooth function on R*, and hence the limit 2g : = 
lim A'(x)/A(x) > 0 exists. 

x^+oo 

Such a function A is called a Chebli function. From (HI) it follows that 


A'(x) 

A(x) 


2a + I 

X 


+ C{x), 


X 


( 2 . 1 ) 


where C := B'/B is an odd and smooth function on R. 

Let Aa, or simply A, be the following second order differential operator 

dx^ A(x) dx 

For /i G C, we consider the Cauchy problem 

I A/(x) = + Q^)f{x) 

|/( 0 ) = 1 , /'( 0 ) = 0 . 


( 2 . 2 ) 


(2.3) 


In [fTTlI the author proved that the system (2.3) admits a unique solution (p^. For every 
ju £ C, the solution (p^ is an even smooth function on R and the map jj. i^p(x) is 
analytic. The following Laplace type representation of ip^ can be found in IfTTlI (see 
also lISTIl ). 


Lemma 2.1. For every v G R* there exists a probability measure Vx on R supported in 
[-1x1, |x|] such that for all pi £ C 

nU\ 

J-|x| 

Also, for X G R*, there is a non-negative even continuous function .^(|x|, •) supported in 
[-|x|, lx|] such that for all pi £ C 



.^(|x|, t) cos(pt)dt. 


(2.4) 


The following estimates of the eigenfunctions ip^^ can be found in ir71 [T5l[T7ll52]| . 


Lemma 2.2. Let pi £ C such that | Im/i| < g. Then 

1 ) T±igix) = 1 . 

2 ) (p-f,ix) = ip^ix). 

3) \(p^,{x)\ < 1. 

4) \<P,,{x)\ < V;im/i(-^) < 

5) \ip'^{x)\ <c{jg^ + |yUp)el^'"^ll-’^l(,c>o(x). 

6) < ipolx) < c(|x| + l)e“^'^L 

The Chebli transform of / G L'(R+, A(x)<ix) is given by 

^df)iM) ■= f f(x)(p^(x)A(x)dx. (2.5) 

The following Plancherel and inversion formulas for are proved in IfTTlI . 
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Theorem 2.3. There exists a unique positive measure n with support R+ such that 
induces an isometric isomorphism from l}(^+,A{x)dx) onto L^(R+,7r(<i//)), and for any 
f G LfR+,A(x)dx) n L^(R+,A(x)dx) we have 

f lf(x)l^A(x)dx = f |^a(/)(ju)P ^(dp). 

Jr+ Jr+ 

The inverse transform is given by 

^f^g(x) = J' g(p)(p^(x) n{dp). (2.6) 

To have a nice behavior for the Plancherel measure n we must add a further (growth) 
restriction on the function A. Following lISTI . we will assume that A'/A satisfies the 
following additional hypothesis: 

(H4) There exists a constant d > 0 such that for all x G [xq, oo) (for some vo > 0), 


A'(x) [ ^ ^ 

A(x) ^^±1 + e-^^D(x) if = 0, 

V X 

with D being a smooth function bounded together with its derivatives. 


(2.7) 


In these circumstances the Plancherel measure n is absolutely continuous with respect 
to the Lebesgue measure and has density \c{p)\~^ where c is continuous function on R+ 
and zero free on R* (see dH). Moreover, by [[52l Proposition 6.1.12 and Corollary 6.1.5] 
(see also IfTOll f. for // g C we have 

(i) If £) > 0 and a > -1/2, then \c{p)\~^ ~ whenever |/i| » 1. 

(ii) If > 0 and a > -112, then \c(p)\~^ ~ \pf whenever |/i| «; 1. 

(iii) If = 0 and a > 0, then \c(p)\~^ ~ whenever |//| «: 1. 


In the literature, the function c is called Harish-Chandra’s function of the operator A. 
We refer to IfTTII for more details on the c-function. 

Henceforth we will assume that Chebli’s function A satisfies the additional hypothesis 
(H4). It follows that for |x| is large enough: 

(i) A(x) = 6>(e2d4) for ^ > 0. 

(ii) A(x) = 0{\x\^“'^^) for = 0. 


We close this section by giving some basic results of (the analogue of) the Abel 
transform associated with the second order differential operator A. 

Denote by ^e(R) the space of even and compactly supported functions in C“(R). 
In [BTl the author has proved that the Abel transform defined on ^e(R) by 


■^f(y) = I f I^dxl,y)f(x)A(x)dx (2.8) 

^ Akl>l.y| 

is an automorphism of ^e(R) and satisfying 




Furthermore, on ^<.(1.), we have 




( 2 . 10 ) 


where is the Euelidean Fourier transform. 


3. A FAMILY OF DIFFERENTIAL-REFLECTION OPERATORS 

For e G R we consider the following differential-reflection operators 


^A.sf(x) = fix) + 


A’(x) I fix) - f(-x) 
A{x) \ 2 


- sgfi-x). 


(3.1) 


In view of (2.1) and the hypothesis (H4) on A'/A, the space ^(R) (of smooth functions 
with compact support on R) and the space ^(R) (of Schwartz functions on R) are 
invariant under the action of £. 

Let S denote the symmetry (S f)(x) := f(-x). The following lemma is needed later. 
The easy proof is left to the reader. 

Lemma 3.1. Let f g C“(R) such that sup^g]^(l + \x\Ye^'^^\f‘'’^\x)\ < oo for every r, t G N 
and for some 2g < s < oo, and let g G C“(R) such that g and all its derivatives are at 
most of polynomial growth. Then 


f Aa. 

Jr 


:f{x)g{x)A(x)dx 


-i 


f(x)(AA,e + 2sQS)g{x)A{x)dx. 


Let T G C and consider the initial data problem 

AaJ{x) = iAf(x), m = 1 , 
where / : R ^ C. We have the following statement. 


(3.2) 


Theorem 3.2. Let d g C. There exists a unique solution 'TA,£(d, •) to the problem (3.2). 
Further, for every a G R, the function A 'TA,e(d, x) is analytic on C. More explicitly: 

(i) For iA 4^ sg. 


iA - eg 


where 

VFe may rewrite the solution (3.3) as 


pI := d^ + (£2 - l)gf 


'FA,£(d, x) = iPfjfx) + (iA + sg) 


sg(Jc) 

A(y) 


n\x\ 

Jo 


(PiiXt)A(t)dt. 


(ii) For iA = sg. 


'FA,£(d, x) = \ + 2sg 


sg(^) 

A(x) 


n\x\ 

Jo 


A(t)dt. 


(3.3) 

(3.4) 

(3.5) 

(3.6) 
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Proof. Assume first that iA sg. After the formula (3.5) is established the restrietion 
on A ean be dropped by analytie eontinuation. Write / as the superposition f = fe + fo 
of an even funetion and an odd funetion fg. Then, the problem (3.2) is equivalent to 
the following system: 


fo(x) + fo{x) = (lA + sg)fe{x). 

(3.7a) 

f'{x) = {iA - sg)fo{x). 

(3.7b) 

[fe{0) = 1, fo{0) = 0. 

(3.7c) 


Combining the two equations above yields 

fe'(x) + 

That is 

A/g(x) = -{A^ + (s^ - \)q^ +Q^)fe{x). 

^ ■NT" 

■=rl 

Sinee /e(0) = 1, the uniqueness of the solution to the Cauehy problem (2.3) gives 


fe{x) = 


whieh, in part, explains the uniqueness of the desired solution. Now, from (3.7b) we 
obtain 

/«(^) = 7T— 


iA - sg 


Consequently 


Further we have 


'Ta, £:(/!, x) = (fi^fx) + T 


1 


= -(Ms^ + Q^) 


iA - sg^^‘' 

sgix) 




0 


^ ' A{x) 

whieh is a eonsequenee of the following known formula for even funetions 


= 


sg(x) 

A(x) 


n\x\ 

Jo 


Ag(t)A(t)dt 


and the fact that satisfies (2.3). Hence, we can rewrite the solution (3.8) as 


'FA,£(d, x) = iPi^fx) + {iA + sg) 


sg(x) 

A{x) 


n\x\ 

Jo 


(p^ft)A(t)dt. 


(3.8) 


(3.9) 


(3.10) 


(3.11) 


Since the function g ^^(v) is holomorphic for all /r 6 C, it follows from (3.11 ) that 
for every x 6 R, the map A 'TA,e(/l, x) is analytic on C. □ 
















4. Growth of the eigenfunctions 


The eigenfunction ^ is of particular interest as it gives rise to an assoeiated integral 
transform on R whieh generalizes the Euelidean Fourier transform in a natural way (see 
Section 8). Its definition and essential properties rely on suitable growth estimates of 
'Ta,£- The following positivity result is the basic ingredient in obtaining these estimates. 

Theorem 4.1. Assume that -1 < s < 1. For all A e iR, the function 'PA.eCdj') 1^ f^(^l 
and strictly positive. 


Proof. If we take eomplex eonjugates in (3.2), we see that 'TA,£(d, •) and 'TA,£(d, •) satisfy 
the same system (3.2). Since 'TA,£(d, 0) = I, the uniqueness part in Theoremshows 
that 'PA,£(d, x) = 'TA,£(d, x) for all x 6 R. 

Assume that 'TA,£(d, •) is not strietly positive. Since 'TA,£(d, 0) = 1 > 0, it follows that 
fi^A,£(d, •) vanishes. Let xq be a zero of 'PA,£(d, ■) so that 

Uol = inf {|vl : 'TA,£(d, •^) = 0}. 


Since 'PA,£(d, 0) = 1 we have 'PA,£(d, x) > 0 on [-|xol, |xo|]. In partieular 'PA,£(d, -.^o) ^ 
0. We elaim that 

K(T,xo) = 0, 

\'PA,£(d, -^o) = 0. 

To prove (4.1), let us first assume that xq > 0. Then ^(A, xq) < 0. Moreover, 


= ( 


A'jx) 

2A(x) 

A'(x) 

^2A{x) 


(¥A.£(d, - T'A.£(d, -X)) + et)'TA,£(d, x) (4.2a) 

+ e£))('TA,£(d, -^) - 'kA,£(d, X)) + (iA + £^>)'TA,£(d, ^). (4.2b) 


Thus 

,(T, Vo) = ( 4 ^ + e^?)'PA,£(d, -^o). (4.3) 

Z,/\yXo) 

From (4.3) it follows that fA, vq) is positive. This is due to the faet that e > -1 and 
the fact that A'l{2A) is a decreasing funetion on R* and lim;f_,+oo A'(v)/2A(v) = q. We 
deduce that J^A, xq) = 0, and therefore, from (4.3), 'Pa,£( 4, -.^o) = 0. 

Now, let us assume that vo < 0. Then 'P(^ fA, xq) > 0. Moreover, for vo < 0, equation 
(4.3) implies 'P(j ^(4, vo) < 0. This is due to e < 1 and to assumptions on A' j{2A). Then, 
as above, we eonelude that 'A^'^fA,xo) = 0, and once again appealing to (4.3) we have 
fi^A,£(4, -Xq) = 0. This finishes the proof of the elaim (4.1). 

Starting this time from 'Pa,£(4, -Vq) = 0 and proeeeding analogously as in the ease 
'PA,e(4, Vo) = 0, we conclude that 


('P:,,(4,-Vo) = 0, 

|'Pa,.(4,vo) = 0. 

In summary, 'Pa,s(4, ±Vo) = 0 and 'P(ie(4, +Vo) = 0. Differentiating (4,2b), we see that 
the seeond derivative of 'Pa,£( 4, •) vanishes at +vo. Repeating the same argument over 
and over again to get 'P^*'g(4, +vo) = 0 for all k e N. Sinee 'Pa,£( 4, •) is a real analytic 
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function, we deduce that x) = 0 for all x 6 R. This contradicts 'Fe(/1,0) = 1. 

Thus, either x) is strictly positive for all x, or it is strictly negative for all x. But 

since 'P^,£(/l, 0) = 1, it must be v) > 0 for all z 6 R. □ 

The following theorem contains important estimates for the growth of the eigenfunc¬ 
tion 

Theorem 4.2. Suppose that -1 < s < 1 and x G R. Then: 

1) For real A we have |'TA,e(d, v)| < ^/2. 

2) For A = a + ib e C we have |T'a,£(/ 1, v)| < 'FA^siib, x). 

3) For A = ib e IR we have WA^siib, x) < 'PA,e(0, x) 1’^'. 

4) For A = Owe distinguish the following two cases: 

a) For £ = 0, we have 'Ba,o(0> ^) = 1 ■ 

b) Fore + 0, there is a constant > 0 such that '¥ a^e( 0, x) < C£(|jc| -l- 

Proof. 1) Assume that T G R. Since A^a,s(A,x) is a solution of the problem (3.2), we 
deduce that 

X) = V) - 'PA,.(d, -X)) + sg^A,eU^ -^) + i^^A.s(A, x). (4.4) 

Thus 'Fa,£(/1, - x ) satisfies the following equation 

{'Ta,£(4, -X)}’ = ,(T, -X) - 'TA,£(d, X)) - sg^A,sU^ (4-5) 

If we take complex conjugates in (4.5), we obtain 

{'Pa,£(T, -v)}' = ^|^('PA,£(d,-x) - 'PA,£(d,v)) - sgWZi^) + /T'PA,£(d,-x). 

Hence 

{|'Ta,£( 4, -x)H' = {T'A,£(d, -X)}' 'Pa,£(4,-x) + {¥A,£(d,-v)}' 'Pa.^C^, - x ) 

= x))'PA,£(d, -X) - sg^AAA x)'PA,£(d, -V) 

+^^^('Pa,£(4,-x) - 'Ta,£(4,v))'Pa,£(4, - x ) - sg^ZI^^AAA -x). 


Similarly we have 

{|'TA,£(d,x)P}' = {'TA,£(d, X)}' 'PA,£(d, X) + {'PA,£(d, X)}' 'TA,£(d, x) 

= a - ^aAA -x))'Ta,£(4,x) + sgA^AA^^ -x^MA 

-|^('PA,£(d,x) - 'PA,£(d,-x))'PA,£(d, X) + SgWZm^^AA^^ X). 
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Using the fact that A' is an odd function we obtain 


= -X) - x))( - 

+ ('FA,.(d,-x) - 'PA,.(d,x))( - -X) + ^^'PA,.(d, X)) 

= - ^ |'PA,.(d, -;c) - 'FA,.(d, xf . 

A{X) 

Since A'(x)/A(x) >2g>0 for all a: 6 R+, it follows that 

{l'PA,.(d, -X)p}' + {|'PA,.(d, ;c)H' <0, Vx 6 R^. 


This implies 


|'FA,.(d, -x)p + x)|2 < 0)|2 + |'P^,,(T, 0)p = 2, Vx 6 R^. 

As a consequence 

l'I'A,.(d,-x)| < V2 and \^A,sU,x)\< ^f2, Vx 6 R+. 

This finishes the proof of the first statement. 

2) For A = a + ib £ Cwe define the function by 


QsA^) = 


^A..(d,.r) 
'¥A,^(ib, x) ■ 


By Theorem 4,li the function Q^j is well defined. Since 'FA.eCd, x) satisfies the differential- 
reflection equation (4.4), it follows that 


X) 


A'(x) 

2A(x) 


{Qs,a(-^)-Qs,a(-x) 


A'AAib, -X) 
'¥AAib, x) 


)+sgQsA-x) 


A'AAib, -X) 
^AAib, x) 


+iAQeAx)- 


We now take the derivative of Q. 


£,A 


QUx) = 


^a/Ax) 


'FA.sCf^, x) 

A\X) 


QsAA 


^AAib,x) 


'¥A,eiib, x) 


2A(x) 


A'{x) 'Fa eiib, -x) 'Fa e(ib, -x) 

QsAA + :^QeAi-x) .,t : + sgQsA-A- ’ 


2Aix)- 


n i \( -x) ^ 

' 2A{xy A2A,JJ-b,xy 


'FA,e(/Z7, x) 

'FA,e(f^, -X) 


-I- sg- 

^ '¥A,s{ib,x) 
'^AAib, -X) 


'Fa,£(/Z7, x) 

-b^ + lAQeAx) 


WA^ib, x) 


-I- (iA + b)Qsj(x). 
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Hence, 

= Qs,a(x)QsAx) + QsAx){QsA^)y 
= 2Rc{QAix)QM} 

= 2 Re |(^ + sg)(QeA-^)QyA^) " + 0^ + b)\QUxf] 

^^2A{x) ’ '¥A,sUb,x) ’ 

= - ia.(-x)&:wi) 

Similarly we have 

WQsA-x)?]' = -Q'sA-x)QsA-^) - QsA-m:A-x) 

=-2Rc{QA{-x)QsA-^)\ 

= -2(^ - sg)(\Q,A-xf - Re {QsAx)QU^)})^^j^^y 
^2A(x) ^'RA.siib^-x) 

(4.7) 


Since -1 < e < 1, then, by assumptions on the function A7(2A), we have 

It follows from (4.6) and (4.7) that for every x 6 R+ 

WQeAxA}' < - 2 (^^ + £g)\Qs,Aix)\(\QsAx)\ - \QsA-x)\) ^^’^^f.l 

ZA.\X) T^^ylu^X) 

and 

{\QsA-xf}' < - 2 (^ - e:g)\Q,A-x)\(\QsA-x)\ - \QUx)\) ^^’f!^'^\ . 

Z/±yX) T X) 

Thus we can conclude that 

{\QsAxf]'<Q if \QsAx)\>\QsA-x)\, 
and 

[\QsA-x)\A if \QsA-x)\>\QsAx)V 
As a real analytic function of x, \QeAx)?' and \QeA~x)?' coincide either everywhere 
or on a discrete subset of R with no accumulation point. In the first case, \QeAx)?' = 
\QeA~x)?' is a decreasing function of x 6 R 4 .. In the second case, for x 6 R+, let 

M{x) := rmx{\Q^Ax)yAQsA-x)y]- 

If \QeAx)\ > \QeA-x)\, then M{x) = \QeAxA and M'{x) = WQeAxA]' < 0. If 
\QeAx)\ < \QeA-x)\, then Mix) = |<2m(-^)I" and M'ix) = {\QeA-x)\A < 0. If 
\QeAx)\ = \QeA~x)\ for some a: 6 R+, then M has left and right derivatives at a:, 
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which are non-positive. Thus M is decreasing on R+. In eonelusion, for every z 6 R+, 
\Qs,aM\^ ^ M(0) = 1 and ^ M(0) = 1. That is for every a: 6 R, we have 

\Qs,aM\ ^ I2£,/}(0)I = 1- This finishes the proof of the second statement. 

3) We proeeed analogously to the funetion above by considering the funetion 

^AAib, 




'Fa,£( 0 ,;c) 


4) The faet that ^*^, 0 ( 0 , .v) = 1 follows immediately from (3.6). Assume that e 9 ^^ 0. In 
this case 

'I'a,£(0, x) = ip Ax) - A Ax), 

where fA satisfies = (s^ - \)g^. Since |ei < 1, it follows from Lemma [2^ 4), 5), 6 ) 
that there exists a positive constant such that 

'I^a,£(0,x) < c,(W + 

□ 


Henceforth, we will assume that -1 < s < 1. Beside the growth estimates above, we 
will include estimates for the partial derivatives of 'Pa.e- We remind the reader that 

'Fa,£(0, x) + ¥a.£(0, -x) = lif.^^ix), 

with (pig(x) = 1 and 

< ciM + 

(see Lemma [2^. 


Theorem 4.3. 1) Assume that T e C and |a;| > xq with xq > 0. Given A 6 N, there is a 
positive constant c such that 

^A,sAx) < C(|d| + (v). 


dx^ 


(4.8) 


2) Assume that A € C and x e R. Given M e N, there is a positive constant c such that 


dA^ 


(4.9) 


Proof. 1) If A = 0 this is nothing but Theorem |4.2| 2), 3) and 4). So assume A > 1. On 
the one hand, 'LA,£(d, x) satisfies the following equation 

n,.(4, X) = x) - 'LA,£(d, -X)) + sg^A.eA -X) + iA^A,sa X). 

This allows us to express the derivatives of 'PA,£(d, •) in terms of lower order derivatives. 
On the other hand, since A'/{lA) satisfies the hypothesis (H4), it follows that there exists 
a positive constant C such that 


A-(^) \ 

2A(x)/ 


<C, 


V 1x1 > xo with xo > 0. 
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Now the estimate (4.8) can be proved by induction on N. 

2) Recall that the mapping A x) is entire, for every x 6 R, and that 

l'PA,.(d, v)| < (4.10) 

for all 4 6 C and v 6 R. If M = 0 this is just (4.10 1). So assume M > 0. If x = 0, the 
statement follows from Liouville’s theorem. If x 0, apply Cauchy’s integral formula 
for 'PA,e(/l, x) over a circle with radius proportional to centered at A in the complex 
plane. □ 


5. A Laplace type representation of the eigenfunctions 


In this section we will show that 'Pa,£( 4, •) can be expressed as the Laplace transform 
of a compactly supported function. In the literature this is the so-called Mehler’s type 
formula. 

Denote by C“(R) the space of even functions in C“(R). For / G C“(R) we set 


<^sf(x) := fix) - 


gs\x\ 


f , 

J[y\<\x\ 


^JfQeylx^-y'^) 

fiy) -;==— dy, 

- y 


where J\ is the Bessel function of the first kind, and 


(5.1) 


Qe := Vl - s^g. 


(5.2) 


If e = +1, then =0, and therefore S+\ = id. The following statement is nothing but 
a reformulation of Proposition 2.1 in Il49]| . See also Theorem 5.1 in OTlI . 


Proposition 5.1. The transform integral is an automorphism o/C“(R) satisfying 

(5.3) 




dx^ ^dx^ 

4/(0) = /(O). 

The transform inverse 4 * given by 

Qe\x\ 


4 '/(4 = fix) + 


/ , 

J[y\<\x\ 


JliQs 

/Cv)- , , , dy. 


where f is the modified Bessel function of the first kind. 

Let .^e(R) be the space of even functions in ^(R). For g G ^e(R) put 

JfQe Vx2 -y2) 

1x1 gix) - , — dx. 


'<^Egiy) = giy)-% f 

^ J|.v|>|.y| 


where Qe is as in (5.2). We may rewrite as 

J r»co 

gix)jQiQE sjx^-y'^)dx. 

\y\ 


(5.4) 


(5.5) 
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(5.6) 

















Below we will show that ^^(R) is stable by Thus, one may cheek that for all / 6 
C“(R) and all ^ 6 ^,(R), 


I 


g(x)dx 




f(y) ^S’sg(y)dy. 


Theorem 5.2. The integral transform ‘tfg is an automorphism o/^e(R) satisfying 

The transform inverse is given by 


‘C VW = g{y) + wf 

^ J\x\ 

which we may rewrite it as 


, , , JliQevIx^ -y'^) , 
k| - — dx, 

W>M ^jx^ -y'^ 


(5.8) 




J r^oo 

g{x)lQ{Q^ sjx^-y^)dx. 

\y\ 


(5.9) 


Proof It is clear that '^S’^.g is an even function whenever g is even. A direct calculation 
gives the intertwining property (5.7), which we may rewrite it as o 
where D Thus, for all A e N and for all y e R+, we have 

D^^o%g(y) = ^S,o{D^+Ql)\{y) 

Jo{Qs -/) D{D^ + gif g{x)dx. 

Using the well know fact that |7o(^)l ^ 1 for all r 6 R+, it follows that if supp(g) c 
[-a, a], then there exists a constant c such that 

sup \D'^^ o ‘ 4 g(y)| < c sup \D^gix)\ < oo, 

ye[~a,a] xe[~a,a] 



for some positive integer M. Thus, the space %{R) is stable by '-S’e. 

We now prove that the transform inverse of is given by (5.8). Recall that we may 
rewrite as 

J r*00 

g'(x)Jo{g^ sjx^-y^)dx. 

\y\ 

We may also rewrite the “potential” transform inverse as 

J r»cx> 

g'ix)Io{gs 4^^^^)dx. 

\y\ 
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We will assume that }^ > 0. Then 




- r f C MQs - 

Jx>y 


y^)dx 


= r { r g'is)HQs - x^)ds] JoiQs ^jx^-y'^)dx 

d x>y *J s>x 

= - f g'(x)Jo(gs Vx^-^)dx 

Jx>y 

+ J" { I" g'(s)dJo(Ps - x^)dsjjo(gs - y'^)dx. 


j x>y s>x 


Integration by parts implies 


r g'(s)dJo(gE V 52 - x^)ds = y xg(x) - f g(s)dsdJo(Ps ^- x^)ds. 

J s>x ^ ^ s>x 


Above we have used the faet that /'(z) = Ii(z) and that the function (|) ^Iy(z) is normal¬ 
ized at 0 by 1. Thus, 


4 CC = - f + y f xg(x)Jo(gs^/x^ -y^)dx 

*Jx>y ^ 

- r g(5){ r 7 o(Ps - y^)dsdxhi.QE V52 - x^)dx]ds. 

\J S>V \J\ 


Next, we will compute the integral within brackets on the right hand side of the identity 
above. On the one hand, since /q(z) = I\{z), we have 


dsdxkige - x^) 


-gsxd,{{s^ - x^) "^'^hige - x^)) 

XS , ^ r-: -2 r, 


{gs^s^ - x^) 


Above we have used the well known differentiation identity /'(z) = /v+i(z) + jhiz). On 
the other hand, using the following integral formula (see If30l formula (1), page 725]) 



xf^'^^ia^ - x^) ^J^{x)Iy{ Va^ - x^)dx = 


2r(^ + 1 ) 


Jy(^Cl\ 


Re V > Re/i > -1 
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we have 


f Jo{Qe yjx^- y^)d,dJoigs - x^)dx 

Jv 


-qIs 


f 

%Jy 


X 


(s^ - x^) 


Jo{Qe - y'^)h{QE V 52 - x'^)dx 


= - ^sJ2{Qs 


- Qe . ^ J\{Qe x/s^-y^) + ^sJoigs x/s^-y^) 

-y^ ^ 

ds(jo{QE y/s^-y^)) + ^sJq{q^ y/s^-y^). 


Above we have used the reeurrenee relation Jy+i(z) + Jv-i(z) = ^Jv{z) and the faet that 
Joiz) = -^i(z). Consequently, 


V)(}') = - r g\x)jQ{Q^ ^Jx'^-y^)dx + y r xgix)JoigE ^x^ -y'^)dx 

J x>y ^ *Jx>y 

2 


- f g(x)d:,(^Jo(gs ^/x^-y^)jdx - y T xgixy^ig^ ^Jx^-y^)dx 

J x>y ^ J jc>y 

Similarly one proves that = g. : 


Reeall from Lemma [ITI that for every yu 6 C, the eigenfunction has the following 
Laplace type representation 



if(|v|,y) cos(juy)dy. 


X G 


(5.10) 


where .^(Ul, •) is a non-negative even continuous function supported in [-Ul, U|]. The 
following alternative Laplace type representation of is needed for later use. 

For V G R and y G R+ put 


KMy) :=%-^Ki\x\,-)(y). 


(5.11) 


Observe that Ks(x,-) is even, continuous and supported in [-|.r|, l.v|]. We note that if 
s = + 1 , then the transformation S’+i = id, and therefore .^+i(v,y) = .ff(|.r|,y). 


Lemma 5.3. Let A £ C. The integral representation (5 .10i) can be rewritten as 





K^{x,y) cos(Ay)dy, 


where the relationship between p^ tind A is pi = A^ + (s^ - 1)^?^. 
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Proof. The cases e = +1 are trivial since S+i = id. So assume e +1. Observe that we 
may rewrite as 

X I ^ 

f(yt)Jo(gsy Vl - 

for y > 0. Using the following integral formula (see |l30l formula (7), page 722]) 


cos(c0 Joib Va^ - P)dt 

0 


sin(a + c^) 




b>0 


+ 


we obtain 




(cosOu£-))Cy) = (yj^ cos(ju^yt)Jo(gsy Vl - P)dt)^ 

sin(y 


( 


7 

/V 


Thus 


= cos(l(l -£^)g^ +jUs^y)- 

^ ■NT" ™—^ 

=A2 

c0f\cos(A-))(y) = cos(ju^y). 


Hence the integral representation ( 5.10 ) becomes 


(Pf,fx) = ( i^(Ul,y)(f^“‘(cos(d-))Cy)^^y 

Jo 
nM 

= I 

Jo 


i^CUl, OCv) cos(/ly)Jy. 


□ 


We now establish a Laplace type representation of the eigenfunction 'TA,e(d, •)• Hence¬ 
forth we will use the following notation 


Ge(-^,y) 


:= r 

-'Irl 


K^{t,y)A{f)dt. 


(5.12) 


The function Ge{x, •) is even, continuous on its support [-|.r|, |;i;|] and of class C' on 
] - \x\, |v|[ (see e.g. fllHl Lemma 2.8]). 


Theorem 5.4. For all A ^ C the function 'PA,£(d, •) : 
of a compactly supported function. More precisely, 


'P 


^ C is the Laplace transform 

(A,x)= I K^(x,y)e‘^ydy, VxeR*, 

JlvlKlxl 


where 


^ ^ K^{x,y) ^ sg{x) ^ ^ ^ sg(x)^^^ ^ 

,a.y) .= - ^S,GAx.y). 


18 


2 


(5.13) 

















Proof. By invoking the identity (3.5) and Lemma [53] in the seeond equality below we 
have 


'PA,e(/l, x) = + (iA + sg) 


f 


Sg(x) 
A(v) 


J r*|3 

0 




+Z 


sg(.v) 

A:e(.v,y)eos(/ly)^^y + J | J K^{t,y)cos(Ay)dy]A(t)dt 

sgix) 


AW 

-hi 


nr .fire(t, y) /I cos(/ly)Jy|A(0<it 


X m sei.v) 

Ks(x,y)cos(Ay)dy + j cos(/ly){ J Ks(t,y)A(t)dtjdy 


.sg(x) 


Xhl ^i^'i 

(sin(dy))'{J K^(t,y)A(r)drjdy 

= f l^f(^ + - ^AGAx,y)je-ydy. 

j-] 2 ^2AW ^ 2AW^^y ^ 


-h1 


□ 


6. The existence oe an intertwining operator 


This section is concerned with the existence of an intertwining operator between Aa,£ 
and the ordinary derivative djdx. 

Recall from (2.8 ) the definition of the Abel transform of a function / 6 (the 

space of even and smooth functions with compact support on R), 




u 

^ j\4>\y\ 


K{\x\,y)f(x)A(x)dx, 


y e 


where ^(|A|,y) is as in (2.4). It is natural to define for smooth even functions the dual 
transform W of £/ in the following sense 

f(yWg(y)dy= f W f(x)g(x)A(x)dx. 

Jr 

In IfSTlI the author showed that 


/, 


w/(A)=i r K(\x\ 

^ J\u\<[x\ 


u)f(u)du. 


Further, by liSTl Theorem 5.1], the transform W is an automorphism of C“(R) (the 
space of even and smooth functions on R) satisfying 


(A + g^) o W = W o 

where A is the operator (2.2). 

For - I < e < I we define the integral transform on ^e(R) by 


( 6 . 1 ) 


■^eg(y) 


-u 

^ J\x\>\y\ 


Ks(x,y)g{x)A(x)dx, 
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where the kernel Kf, is as in (5.11). We note that for e = +1 the transform ^ reduees to 
the Abel transform Thus we may think of ^ as a deformation of the transform ^. 
Let be the linear mapping of C“(R) so that 


I 


fiy) ■^sgiy)dy 




g{x)A{x)dx, 


for / 6 C“(R) and g e ^,(R). Then 


^s^Jix) = ^ f Ks(x,y)f(y)dy. 
^ J|.y|<W 


Notiee that for / 6 C“(R) and g 6 %{R), the funetions and belong respee- 
tively to C“(R) and ^e(R). Moreover, 


and 


o 

II 

(6.2) 


(6.3) 


The next eorollary eontains some additional properties of and 


Corollary 6.1. Let D be the ordinary derivative and let A be the operator (2.2). Then 
for a// e 6 R we have: 

1) o (A + 0 ^) = {D^ + ol) o s^E-, where q]. = {\ - s^)q^. 

2) (A + 0 ^) o o + qI). 

Proof. The first statement is an immediate eonsequenee of (2.9) and (5.7). The seeond 
transmutation property follows from (5.3) and (6.1). □ 


Reeall that the spaee of smooth funetions C“(R) equipped with the topology of eom- 
paet eonvergenee for all derivatives is a Freehet spaee. For / 6 C“(R) we define Va ef 
by 


Va,./(x) = 


r KE{x,y)f{y)dy, 

J\y\<\x\ 

m. 


X 0 


X = 0 


(6.4) 


where the kernel Ke(x,y) is as in (5.13!) . Observe that 


^>A.s{A,x) = VAAe‘")ix). 


(6.5) 


Lemma 6.2. The operator Va,e be expressed as 

VA,sf{x) = (id+££).^) '-^/Efeix) + ‘^£(//o)(x), 

where 

se(jc') 

Jfh{x) :=- I h(t)A(t)dt, 

A(x) Jo 

and 


Ih(x) := 



h{t)dt. 


( 6 . 6 ) 


(6.7) 





Proof. As usual, we write / as the superposition / = /e + /o of an even funetion and 
an odd function f^. On the one hand, we have 


VAjeix) 


f 

J-l 

f 


Ke{x,y) 


fe(y)dy + sg 


sg(A:) 

2A{x) 


Ks(x,y)fe(y)dy + sg 


sg(x) 

A(x) 


n\-^\ 

J-\x\ 

n\4 

1 


Ge(x,y)fe(y)dy 


Gs(x,y)fe(y)dy 


= ^£/efe(x) + Sg.J^ O Wsfe(x). 


On the other hand. 


VaMx) = - 


Sg(x) 

A(x) 


Jo 


fo(y)dyG^(x,y)dy. 


We claim that 


sg(Jc) 

A(x) 


J fo(y)dyG^(x,y)dy = (s^g^Jf + —) W^(//J(;c), (6.8) 


where //„ is as in (6.7). Indeed, by invoking formula (3,10) in the first equality below 
and the transmutation property in Corollary 6.11 3 in the second equality below we have 


sg(.r) 


I 

Jo 


^s(Ifo)(s)A(s)ds 


Aix) 
sg(x) 




)(s)A(s)ds 
iSg(x) 


'^s(Oi.s)A(s)ds - E^g^—— I Ws(Ifo)is)A(s)ds 
0 ^\X) Jo 


A(x) 
sg(x) 
A(x) 
Sg(x) 
A{x) 
Sg(^) 


nr Ki;{s, u)fg{u)du^A{s)ds - s^g^.Jf o '-£/s(Ifg)(x) 
J' fo^^)[ J' u)A(s)ds]du - o ^J^siIfo){x) 

r\A 

I fo{u)duG^{x, u)du - E^g^Jf o W^(Iff)(x). 

Jo 


A(x) 

This concludes the proof of claim (6.8), and therefore the proof of the Lemma [6)^ □ 


Theorem 6.3. The operator A the unique automorphism o/C“(R) such that 

Aa,s o Va.e = Va,s o (6.9) 

ax 

where ^ is the differential-reflection operator (3.1). 

Proof. For the proof of this theorem it is more convenient to rewrite VA,efo in (6.6) as 

VaJo{x) = jf o w,(/;)(x). (6.10) 
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Indeed, 


VA,efo(x) = ^ W^(Ifo)(x) + ^£^^{1 fo){x) 

ax 

= tx ^S^Mfo){x) + e^Q^J/: ^£^eiIfo){x) 

= ^(A + S^Q^) V^(//o)(a:) 

= ^ w,((//,)")(x) 

= ^S^eiOix). 


Let C“(R) and C“(R) be the subspaees of even and odd funetions in C“(R), respee- 
tively. Firstly, the operator didx is one to one from C“(R) onto C“(R), and djdx o / = 
I o djdx = id. Seeondly, The transform ^ is an isomorphism from C“(R) to C“(R) 
and its inverse is given by 




-1 


d ^ A'{x) 
dx A{x) 


( 6 . 11 ) 


Thus, from (6.6) and (6.i0!) it follows that Va,e is an automorphism of C“(R). We now 
prove the transmutation property (6.9). 

By (1 6.10 1) we have 


AaAVaM = AaA^'^sHA) 

= (idA- 


Above we have used the faet that 


Aa^e ° = id -vsqM. 


Moreover, one ean eheek that 

AA,Ei(YA,Efe) — Aj 4 e( iS^Efe “I" O S^sfe) 

= ^ ^^Efe - Sg ^^sfe + ^X^Efe 

Above we have used (6,li). In summary, 

A/i,£(^A. e/) = (^ + s^g ^^) + (id +Eg^) "x^EiO- (6.12) 

Now, by invoking the expression (6.6) of the operator Va,e we get 

VaA/D = + £)'M.fe, 

and 

VAAf:) = (id+£g^}^^E(f:). 

That is 

VaA/') = + (id+sg^)Ws(fA- 

This eompares well with (6.12 ). 
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The uniqueness of Vae is due to the fact that 'PasCT, x) = )W and that 

Va,./(0) =/(O). ’ ’ ’ □ 

On the space ^(R) of smooth functions with compact support, we consider the dual 
operator ^Va,£ of Va,e in the sense that 


That is 


f VA,Ef(x)g(x)A(x)dx = f f(y) ^VA,Eg(y)dy. 

'VA,Eg(y)= f 

Jm>i 


E(x,y)g(x)A(x)dx. 


Lemma 6.4. The dual operator '^Va^e can be expressed as 


d 


'Va,£^Cv) = x^^Egeiy) - (eg - —)s^E{Jgo)(y), 


where 


Jh(x) 


-f 


h{t)dt. 


(6.13) 

(6.14) 

(6.15) 


Proof. The reader will have no trouble verifying that for every even function / e C“(R) 
and every odd function g e ^(R) 


I 


^ f{x)g{x)A{x)dx 


-f 


f(x)Jg(x)A(x)dx. 


Starting from the expression (6.6) of Va,e in Lemma [6^ and by invoking (60Qj) in the 
first equality below, we obtain 


/ 


VA,Ef(x)g(x)A(x)dx 

WEfeix)ge(x) + eg.y^ ^S^Efe{x)go{x) + ^s^Efo{x)go{x)\A{x)dx 

fe{x)S2^Ege{x) “ Sq'^ S^Efe{x)Jgo{x)A{x) - ^atE:{ff){x)Jgo{x)A{x)\dx 
fe{x)s/Ege{x) - SQfe{.x)S^EJgoi.x) - f„{x)S^EJgo{x)]dx 
f{x)s^Ege{x) - sgf(x)£/EJgoix) + fo{x)-^s^EJgo{x)\dx 

J' /(x)ji4ge(v) - sg £/^Jgo(x) + ^s^EJgo(x)]dx. 


□ 


This finishes the proof of Lemma [6)41 

The operator ^Va,e satisfies the following additional property. 

Theorem 6.5. The operator is the unique automorphism of ^(R) satisfying the 
intertwining property 

^ ° = Va,£ o (Aa,^ + legs ), 

dx 
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where S denotes the symmetry (S f)(x) := f(-x). 


Proof. The statement follows immediately from below: 



7 ^ 

— ^VA,sfix)gix)dx = - I f{x)VA,eg{x)A{x)dx 



f(x)AA,sVA,sg(x)A(x)dx 


J' (Aa,£ + 2£gS )f(x)VA,sg(x)A(x)dx 


‘Va,£(Aa,s + 2£pS )f(x)g(x)dx. 


R 


Above we have used Lemma [3J] 


□ 


7. The positivity of the intertwining operator 


We shall say that a linear operator L on ^(R) is positive, if L leaves the positive eone 
^(R)+ := {/ 6 ^(R) : f(x) > 0 for all a 6 R} 
invariant. The following statement is the eentral result of this section. 

Theorem 7.1. For -1 < £ < I, the intertwining operator Va,s A positive. 

For e = 0 and 1, Theorem 17.11 is known (cf. Il5^ and Il54]l l. However, the case 
-1 < £ < 1 has some technical difficulties to be over come compare to £ = 0 and 1, as 
£ could be positive as well as negative. 

The proof of the above theorem affords several steps, the crucial one being the posi¬ 
tivity of Va,e(Ps{u, for every 5 > 0 and w, v 6 R, where 


e 



denotes the Euclidean heat kernel. 

For simplicity we will write We(s; u, x) instead of Va,e(Ps(u, ■))(x). Below we list some 
properties of Ws(s; u,x). 

Lemma 7.2. For every s > 0 and u,x gR, we have 



2) The function (u, x) VFe(5; u, x) is of class C* on R^. 

3) (Aa,£ + 5„)W,(^;h,v) = 0. 

4) lim Wsis; u, x) = 0. 




Proof. 1) For a = 0, we have We{s',u,0) = Ps(u,0) = Thus, for v = 0, the 

statement follows from the well known fact 
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(7.1) 






For X 0, using again (7.1) together with the Laplaee type representation (6.4) of Va,s, 
we have 


W^(s; u, x) = 


K(x,y)( J 

" (f ^s(x,y)e~‘'^^dyj 

^ ^ I 

27r Jr 


dA 


dA. 


2) For |a:| > xq with xq > 0, the statement follows from 1) and the growth estimate of 
\dx'A^A,E{d, a:)| (see Theorem |4.3i Assume that |a:| < xq. Using the faet that 

W^,{X)\ < C lyU^ + Q^\ (Ul + 1) Ul e^Amii\-Q)\x\^ 


and that 


K(x)| <c\n^+ g^\ (\x\ + if 


for all // 6 C and x 6 R (of. Proposition 6.1.5]), we deduoe from (3.3) that 
|J,'Pa,J4,v)| < ci\A\ + l)2(Ui + 


where ff = A^ - (I - s^)g^. It follows that in both oases - (1 - s^)g^ ^ 0, we have 
\dx'¥A,siA,x)\ < c(|/l| + If for all |v| < xq. 

3) In view of 1), the present statement is easy to oheok. 

4) For x = 0, W^(s; u, 0) = p^u, 0) = ^ 0 as \\{u, v)|| ^ oo. 

For X 0, using 1) and the growth property of the eigenfunetion 'Pa,s in Theorem 
14.21 4, we get 


\W,(s;u,x)\ < cjl + 


Now, the statement follows by means of polar eoordinates. 


□ 


The following lemma is also needed. 

Lemma 7.3. Writing as W^is; u, x) = W^'^^^is; u, x) + u, x), where Wl™ 

(resp. denotes the even (resp. the odd) part of with respect to x, we have 

ITf “( 5 ; u, x) > 0. 

Proof. Using Lemma ^7)2] 1 together with the expression (3.5) of the eigenfunetion 'Pa,s, 
we have 


114 ( 5 ; u, x) 

= ^ {^^iXx) + {-iA + J ‘PMs(z)A(z)dz) dA 

=: ITf “(5; u, X) + Wf\s; u, x). 
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Next we shall prove that u, x) > 0. By Lemma [531 we have 

(PmsM = I r) cos(Ar)dr, 

Jo 

where the kernel Ks(x, s) is nonnegative. Thus, 

p+oo p\x\ 

VL®''™(5; u,x) = - J cos(Au) ( J K^ix, r) cos(Ar)drj dA 


= - f'K,(x,r)( f 

^ Jo ^ Jo 




r K^(x, r) i 
Ayns Jo ^ 


e cos(Au) cos(Ar)dAj dr 
j dr. 


_ {u-rr _ (»+r)- 

e~ + e 


Using the faet that r Kf.{x, r) is even, we deduee that 


lTr"(5;M,v) 


1 r'^' (hW 

—— e 4.' K^(x,r)dr 

4 ^/ns J-\x\ 


-{\u\+\x\flAs n\A 


> 


4 yfns 

-(|«|+|xl)2/4i 

2 yfm 


X i-vi 

kl 


Ks{x, r)dr 


■‘^;VT^£.W > 0- 


□ 


Now we eome to the erueial step in the proof of Theorem 17.11 
Theorem 7.4. For every s > 0 and u,x £R,we have 

VLe(5; u, x) > 0. 


Proof. For ( m , x) eRx {0}, we have 

_i£ 

We(s; u, 0) = Ps{u, 0) = ^ — > 0. 

2 ^Jns 

For s > 0 and (u, x) e (R x {0})‘^, we will assume that W£(5; u, x) is not always non¬ 
negative. Sinee We(5; u,0) > 0 and lim||(„ ;f)||_,+oo WJs; u,x) = 0 (see Lemma^3l3), then 
the above assumption implies that the funetion (u, x) VFe(5; u, x) admits an absolute 
minimum (uq, Vq) 6 (Rx {0})^^ sueh that W^is; Uq, Xq) < 0. In partieular, Uq, xq) = 

(ITe(5; Mo, xo) - WJs; uq, -xq))/2 < 0. We elaim that 

WfV;Mo,^o) <0. (7.2) 

Indeed, if VF°‘^‘*(5'; mq, xq) = 0, then Ws(s; uq, xq) = VFe''“(5; mq, xq), whieh is impossible 
sinee Ws(s; mq, xq) < 0 while VF|''®"(5; mq, xq) > 0 (see Lemma 17.3i 
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On the other hand, using the faet that (uq, a:o) is an absolute minimum, we have 

(Aa,£ + du)Ws{s; Mo, xo) = (77^ + mq, xq) - sgWeis; mq, xq) 

A{Xo) 


(7.3) 


= Mo, ;co) + (4^ + sg)wf\s-, mo, ;co). (7.4) 

AtVo) 

Reeall that our assumption is that W£(5; m, x) is not always non-negative for all 5 > 0 
and (m, ;i;) e (R X {0})^^. We shall use Lemma [7^ 2 to prove that this assumption fails. 
case 1: For ,0 = 0, the identity (7.3) becomes 


(Aa,£ + 5„)V14(5; Mo, Xq) = 


2l'(^0)„,odd 


A(vo) 


wr(^;Mo,^o)- 


Now, Lemma r7^ 2 and the inequality (7.2) imply that {A'/A){xq) = 0, which is not true 
in the light of the hypotheses (H2) and (H4) on A'/A with g = 0. 

case 2: Let > 0 and e = 0. As in the previous case. Lemma 17.21 2 and the 
inequality (7.2) imply that {A'/A)(xo) = 0. However, by the hypothesis (H2) on A'/A, 
we have A' /A(x) % ±2g ^ 0 for all ;c ^ 0. Hence our assumption does not hold true. 
case 3: Let ,0 > 0 and s > 0. 

subcase 3.1: Assume that xq > 0. As VF|''™(5; uq, xq) > 0 and VF°‘*‘^(5; mo, xq) < 0, 
it follows from (7.4) that (Aa^e -i- di)jWs{s\ Uq, Xq) < 0, which is absurd by Lemma2. 
subcase 3.2: Assume that xq < 0. We pin down that 
A'(xo) 


A(vo) 


-I- 2£g < -2(1 - £)g < 0. 


By Lemma [7^ 2, we have 

(Aa,e + du+£g id)W e(5; mo, xq) = £gWs(s; mo, xo) < 0, 


(7.5) 

(7.6) 


while, by (7.3), (7.2) and (7.5), 


(Aa,e + du + sg id) We(5; mo, xq) = (44^ + 2e^)) ; mo, xq) > 0, 

A{Xo) 

which contradicts the inequality (7.6). 
case 4: Let ^ > 0 and e < 0. 
subcase 4.1: Assume that xq > 0. Note that 

A'(^o) 


A(vo) 


-I- 2£g > 2(1 -I- £)g > 0. 


(7.7) 


Hence, the identities (7.3), (7.2) and (7.7) imply that (Aa,e -i- di)jWe{s\ uq, xq) < 0, which 
is absurd by Lemma [7^ 2. 

subcase 4.2: Assume that xq < 0. On the one hand, by Lemma r7)2| 2, we have 
(Aa,£ + du- e^)id)WE(5; mo, xq) = -£gWs(s; mo, xq) < 0. (7.8) 

On the other hand, since Xo < 0 we have A'/A{xq) < 0. Thus, by (7.3) and (7.2), 

(Aa,e + du-sg id) We(5; mo, xq) = -2epWf “(5; uq, xq) + 4 mo, xq) > 0, 

A(Xo) 
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which contradicts the inequality (7.8). 

This finishes the proof of Theorem [731 n 


Now we are ready to prove the eentral result of this seetion. 


Proof of Theorem \7A\ Let / be a positive function in ^(R). Proving that VA,£if) > 0 is 
equivalent to showing that ^VA^sif) ^ 0 (see (6.4) and (i6.14|)). 

By (6,131) we have 


I 


f{x)VA,E{Ps{u, :)){x)A{x)dx 


I ^VA,sf(x)ps{x,u)dx 

Jr 

( ^A,sf *euc 


where q^ir) : = 
that QVaJ *euc 


^-p-jAs 

——. Sinee / > 0 and VAeiPsiu, .)){x) = W^is; u,x) > 0, it follows 
2 y/ns 

qs){u) > 0 for all 5 > 0 and u,x &R. Thus 


0 < \imCVA,sf *euc dsXu) = ^Va,J{u). 
i—»0 


□ 


8 . Fourier transform of L^-Schwartz spaces 
Assume that -1 < s < 1. For / G L^{R,A{x)dx) put 

= r fixy^A^, -x)A{x)dx. 


( 8 . 1 ) 


To state its alleged inverse transform, let us introduee the following Planeherel measure 


nMJ) = 


Ul 


- (1 - |c( 


2^R\]- 


s^g. 


( 8 . 2 ) 


where c is the Harish-Chandra’s funetion assoeiated with the seeond order differential 
operator A (see Seetion [2] for more details on the c-funetion). Below f{x) := f(-x). 

Theorem 8.1. Let f be a smooth function with compact support on R. Then 
1) (Inversion formula) 


fix) = =^A,^:(/)(d)'PA,e(d,A:)(l - ^^TT^idA). 

2) (Planeherelformula) 


(8.3) 


£ lf(x)l^A(x)dx =^£ ^aADW^aA/K-Mi - ^j^eidA). (8.4) 
We may rewrite (8.4)/or two smooth and compactly supported functions f and g as 
£ f(x)g(-x)A(x)dx = ^£ ^AAf)(J)^Ajg)(J)(l - ^)ns(dA). (8.5) 
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Proof. For the sake of eompleteness, we provide a detailed proof. 

1) Below Jh{x) := h{t)dt. Using the superposition (3.3) of the eigenfunetion 'P^C/l, x), 
we obtain 

= 2^a(/.)0«.) + 2{iA + 

where Fa is as in (2.5). By the inversion formula (2.6) for the Chebli transform ^a we 
deduee that 

f{x) = r DiPeWaMA (8-6) 

Jr+ 

Now, let us express and (p'^^ in terms of 'Fa,£ as follows 

-v)+'Fa,£(-/1, x)), (p'^fx) = -x)-'FA,£(-d, v)). 

Consequently, formula (8.6) beeomes 

/W = i f 'i'A,e(-A,-x)(^A(fe)(Pe) + (i'l + £p)^A(Jfo)(P6:)]^(dpe) 

^ Jr+ 

+ ^ f 'i^A,s(-ri,x)(^A(fe)(Ps) -(i'l + Sg)^A(dfo)(Ps)}^(dps) 

^ Jr+ 

= 7 r hA.s{-A,-x)^A,e{m) + ^>A,s{-A,x)^AAm)]nW^^^ (8.7) 

^ Jr+ 

Further, it is easy to eheek that 

'FA,£(d, x) = (l + ^)'FA,.(-d, -X) - ^'FA,£(d, -X), (8.8) 


and therefore 


^A,£(/)(d) = (l + ^)^aM){-X) - ^^A,£(/)(d). 


(8.9) 


EQ 

iA 

In view of (8.8) and (8.9) we obtain 

r ^A,£(/)(d)'PA,£(-d, -x) n{dns) = r 'FA,£(d, x)^A,si.f){X) (l - ^) 7:{diXs) 

Jr+ Jr+ 

+ r ^A.s{.-A,x).^A,s{m)(^)n{d^i,\ (8.10) 

Jr+ 

and 

r ^A,£(/)(d)'FA,£(-d,x);r(J//J= r vp^,(-7,^),FA,.(/)(-d)(l + ^);r(JyU,) 

Jr+ Jr+ 

+ r ‘FA,£(-d,x),^A,£(/)(d)(-^);r(J;U,). 

Jr+ ^ > 

( 8 . 11 ) 

By substituting (8.1(1) and (8.11) into (8.7), we get the inversion formula (8.3). 

2) On the one hand, using the faet that 'Pa e(/l, x) = 'Pa e(-d, x) for d e R, we have 

I'' 


^AAm) 


g(A;)'Pe(-/l, x)A(x)dx. 
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Applying the identity (8.7) for / implies 


f f(x)g(x)A(x)dx = J f 
Jr ^ Jr+ 

(8.12) 

On the other hand, from ( 8.8) it follows that 

^aAIX-X) = (l + ^)^A,.(/)(d) - g^A..(/)(-d). (8.13) 

Henee 

(l - ^)^A,.(/)(d)^A,.(/)(-d) 

2 2 

= (l + (8.14) 

Now let us rewrite (8,13J as 

^aA/X-X) = ^aADW- 

lA - SQ -lA + sg 

Henee 

^AAfXd)^AAfX-X) = TT^^AAfXJ)^AAfXd) + \^AAfXX)\\ 

lA - sg -lA + sg 

whieh implies 

_ 2 2 

= -[^)^AAfXX)^AAfXX) - [^)\^AAfXX)t (8.15) 

Thus, (8.14) beeomes 

(i - ^)^AAfXd)^AAfX-J) = \^AAfXd)? - ^^AAfXJ)^AAfXJ). (8.16) 

This is the key identity towards the Planeherel formula (8.4). One more thing, from 
(8.1 6) we also have 

(i - ^)^AAfX-X)^AAfXX) = |aFa,.(/)(-T)P- ^^AAfX-J)^AAfX-X). (8.17) 

Indeed, we obtain (8T7) in three steps: 

1. replaee / by / in (8JL6). 

2. substitute A by -A in the resulting identity from step 1. 

3. take the eomplex eonjugates in the resulting identity from step 2. 
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By putting the pieces together we arrive at 


£ (i - §) ^s(dA) 

= f I^AAf)Af^s(dA)- f ^AAf)A)^AAf)(d) (^) ^e(dA) 

Jr+ Jr+ I a 

+ £ l^AAf)(-^f^e(dA)-£ ^AAf)(-d)^AAf)(-^) (§) ^s(dA) 

= f {\^AAf)At + l^AAmt] ^s(dAX 

Jr+ 

which compares very well with A\\f\\i2(^^A{x)dx) (see (8.121)). 


□ 


Remarks 8.2. 1) Fors = 1, the Plancherelformula (8.4) corrects Theorem 5.13 in / I72l/ 
(stated without a proof). 

2) For £ = 0 we can prove the following stronger versions of the inversion and the 
Plancherel formulas: 

(i) If f e L^(R,A(x)dx) and =^a,o(/) £ Z.'(K.!^o('^4)) then 

^71 ^A,o(f)(A) 'FaAA x) TToidA) almost everywhere. 

‘A Jr 

(ii) Iff G n L^(R,A(x)dx), then ^Agf 6 L^(R, ;To((i4)) and W^AgfWq = 2\\f\\q. 

(iii) There exists a unique isometry on L^(R,A(x)dx) that coincides with (l/2).^^o 
on L’ n L?-(R,A(x)dx). 


The following lemma is needed in the proof of the Paley-Wiener theorem below. 

Lemma 8.3. For R > 0, denote by ^r(K.) the space of smooth functions with support 
inside [-7?, 7?]. Then, f G ^i?(R) if and only if ''VA.sf 6 ^r(K.)- 

Proof. The direct statement follows from (6,14). The converse direction is more in¬ 
volved. On the one hand, one can prove that 

= <“VeCv) + + ^^f\dgo)iy), (8.18) 

where Jh{x) := £^h{t)dt and o (see (6.3)). On the other hand, from 

(5.5) and [|71 Lemma 4.10] it follows that if g^ g ^r(R) then ^Xf^ge g ^r{R)- Further, 
on may check that go g ^r(R) if and only if Jgo g ^r(R). Thus, as Jgo is an even 
function, it follows from above that £/f^(Jgo) g ^r(R). □ 

Let PWr(C) be the space of entire functions honC which are of exponential type and 
rapidly decreasing, i.e. 

3 7? > 0, Vt G N, sup(|3| + \h{A)\ < oo. (8.19) 

,i€C 

Theorem 8.4. Assume that -1 < s < 1. The Fourier transform ^a.e is a linear isomor¬ 
phism between ^r(R) and the space of all entire functions honC satisfying (8, 191). 
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Proof. The proof is standard. We shall only indicate how to proceed towards the state¬ 
ment. On the one hand, the Fourier transform ^a,e can be written as ^aA/) = ^euc ° 
W^,e(/), where is the Euclidean Fourier transform and Wa,£ is the intertwining 
operator C6. 14i Indeed, in view of Mehler’s type Theorem 15.4 [ we have 

^aADA) = f f(x)^A,sA’-AMx)dx 

Jr 

f{x)VAAe'hi.x)A{x)dx 
^yA.sfix) e‘'^'‘dx. 

Now, in view of Lemma |8.3[ appealing to the Paley-Wiener theorem for the Euclidean 
Fourier transform ,^euc we get the desired statement. □ 

For -1 < e < 1 and 0 < p < — 7 =, set := - - 1 - Vl - s^. Observe that 
1 < — 7 == < 2. We introduce the tube domain 

l+Vl-e2 

Cp,£ := {d 6 C I I Imd| < p dpA- 
For = 0 or ^ = 0, the domain Cp,£ reduces to R. 

Proposition 8.5. For all A G Ci^£, the function A 'PA,e(/l, x) is bounded for all v G R. 

Proof Fet i? > 0 be arbitrary but fixed and let Ri £ := {v G R | |v| < p (1 - Vl - e^)}. 
Applying the maximum modulus principle together with the fact that |'PA,e(d, .^)l ^ 
Im d, x) in the domain [-7?, 7?] -l- /Ri £ implies that the maximum of |'PA,e(d, x)| 
is obtained when d belongs to the boundary of zRi,£. That is d = ip with \p\ = ,0(1 - 
Vl - s^). Now, recall that ^'A.siib^y) + ^A.sii'n^-y) = when s 4^ 0,+1, and 

'FA,s(ib^ A + 'PA,£(i?7, -x) = 2 when s = 0, +1. The parameter satisfies pi = A^ - 
(1 - £^)g^ = -p^(l - 2 Vl - £^{1 - Vl - e^}) < 0, and therefore Ps 6 zR with Ip^l < g. 
Using the fact that ^aAIp, x) > 0 for all x G R, together with the fact that (PpX-A ^ 1 
for ps is as above (see Femma [231 31. it follows that T'a,£(z? 7 , x) < 2 for all x G R and 
-1 < e < 1. □ 

Corollary 8.6. Let f g L'(R-,A(x)(ix). Then the following holds. 

1) The Fourier transform ^aA/^A) well defined for all A G Ci £. Moreover, 

WxAfm < 2ii/iii, d G Ci,£. 

2) The function ^aAI) holomorphic on Ci,£, the interior o/Ci,£. 

3) (Riemann-Febesgue lemma) 

lim |^a,£(/)(4)| = 0 . (8.20) 

Proof. The first two statements are direct consequences of Proposition 8.51 the fact 
that 'PA,£(d, •) is holomorphic in d, and Morera’s theorem. For the Riemann-Febesgue 
lemma, a classical proof for the Euclidean Fourier transform carries over. More pre¬ 
cisely, assume that / G ^(R) (the space of smooth functions with compact support on 
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R.). Now using the Paley-Wiener Theorem 18.4 1 to eonelude that the limit (8,201) holds 
for test funetions; the general ease then follows from the faet that ^(R) is dense in 
L^(R,A(x)dx). □ 


Next we diseuss some properties of the Fourier transform ^a,s on L‘\R,A(x)dx) with 

p > 1. 

Lemma 8.7. Let f e LP(R,A(x)dx) with I < p < Then the following holds. 

1) The Fourier transform .^A,s{f){d) is well defined for all A in the interior ofCp^s- 
Moreover, 

WA,s{f){A)\ < cll/llp, A 6 Cp,,. 

2) The function ^AAf) holomorphic on Cpg. 

3) (Riemann-Lebesgue lemma) 

Jim |^a,J/)(4)| = 0. (8.21) 

^'OO 


Proof The first two statements follow easily from the estimate 


c(\x\ + l)eli"''ilWe-eW(i-VT^) > Q 

|Imi|W^ forp = 0 


ce' 


the faet that A(x) < c\xf (a eonsequence of the hypothesis (H4) on Chebli’s fune- 
tion A), the faet that 'TA,e(/l, ■) is holomorphie in A, and Morera’s theorem. The Riemann- 
Lebesgue lemma is established exactly as for (8 JO) by approximating any function in 
LP(R,A(x)dx) by compactly supported smooth functions for all 1 < p < oo. □ 


Theorem 8.8. The Fourier transform t^Ae injective on LP(^,A{x)dx) for 1 < p < 
2 


Proof Take q such that p + q = pq. For / G LP(R,A{x)dx) et g G ^(R) we have the 
inequalities 

|(/,.?)a| := I f{x)g{-x)A{x)dx\ < ||/|lLjligllL? 
and 

\{^AAf\^A,e{g))n\ := | J ^A,e(f)W^A,s(g)(A)(l - ^j^T^idA)! 

< \\^A,m\L-^\^AAg)\\L\<c\\f\\^^^^^^ (8.22) 

Above we have used Corollary 1 8.6 1 and Lemma 1877] to get (8.22). Therefore the mapping 
/ (f^g)A and / 1 -^ {,^A,E{f), ^A,e(g))f^s ^0 continuous functionals on L^(R,A(x)dx). 
Now (f,g)A = (^A.sCf), ^A,s(g))^. for all / 6 ^(R) and by continuity for all / G 
L^(R,A(x)dx). Assume that / G L^(R,A(x)dx) and that ,^A,e{f) = 0, then for all g G 
^(R) we have (/, g)A = (^^aAD, ^A.sig))^. = 0 and therefore / = 0. □ 
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For -1 < s < 1 and 0 < p < let ^^(1.) be the spaee consisting of all 

functions / 6 C“(R) such that 

sup(U| + 1)^ <Po(xr^^‘’ l/®WI < oo, (8.23) 

a:€R 

for any 5 6 N and any 6 N. The topology of ^(K.) is defined by the seminorms 

(rgC/) = sup(U| + 1)^ ipoixr"^‘’ l/®(^)|. 

j:€R 

We pin down that is a dense subspace of L‘^(R,A(x)dx) for p < q < oo, while it 

is not contained in Lf^(R,A(x)dx) for 0 < q < p. 

The following facts are standard; see for instance lfT9l Appendix A]. 

Lemma 8.9. 1) ^p(R) is a Frechet space with respect to the seminorms cr^fl. 

2) ^(R) is a dense subspace of S^pf^. 

Recall from above the tube domain 

:= {d e C I llmdl ^Q-dp^s), 

where dp^s “ p “ ^ “ Vl - 

The Schwartz space ^(Cp e) consists of all complex valued functions h that are an¬ 
alytic in the interior of and such that h together with all its derivatives extend 
continuously to Cp,e and satisfy 

sup (|d| + 1)' < oo, (8.24) 

for any t 6 N and any 6 N. The topology of y{Cp^e) is defined by the seminorms 

:= sup (|d| + 1)^ |fi(^)(d)|. (8.25) 

For dp^E = 0 or = 0, e5^(Cp^g) is the classical Schwartz space on R. By [|71 Lemma 
4.17] the Paley-Wiener space PVF(C) is dense in the Schwartz space S^iCp^s)- 

Lemma 8.10. The Fourier transform ^a,s maps ^(R) continuously into e5^(Cp,e) and 
is injective. 

Proof Let / G yp(R). For A G Cp^g we have 

|^A,.(/)(d)| < r \f(x)\\A>AA^,-x)\A(x)dx 

Jr 

< r l/(^)l ‘Poix)-^^^ ifoixfp 'Ta,.(0 , -x)el'"'"ll"'A(x)Jx 

Jr 

< Cl r \f(x)\ipo(x)-^'P (\x\ + l)^^P^^e-^^^^'A(x)dx. 

Jr 

Under the hypothesis (H4) on Chebli’s function A, there exists a /3 > 0 such that 

A(x) < clxfe^^"^. 
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Hence, 


|^A,.(/)W| < C2 r \f{x)\ipo{xr^lP + 

Jr 


This proves that ^aAI) is well defined for all / 6 ^piR) when -1 < e < 1 and 
0 < p < Moreover, since the map A 'T^ e(/1, x) is holomorphic on C, it 

follows that for all / G ,5^(R), the function ^A,e{f) is analytic in the interior of Cp,e, 
and continuous on Cp^g. Furthermore, by Theorem 14.31 we have 

|^A,.(/)(jy'^| < C3 r \f{x)\ipo{xr^l^’ (\x\ + \flP^’^^^\xfdx<^. 

Jr 

Thus, all derivatives of A^A,e{f) extend continuously to Cp^. Next, we will prove that 
given a continuous seminorm r on =5^(Cp e), there exists a continuous seminorm a on 
S^p(R) such that 


t(^a,.(/)) < cMf), V/ G ,^p(R). 

Note that the space y(Cp^s) and its topology are also determined by the seminorms 


h ^ f := 


sup 


|(T + iy/*(j)) 


P) 


(8.26) 


where t and i are two arbitrary positive integers. By invoking Lemma ^Tl we have for 
r G N, 


(iAr^A,s(f)U) = m ^J{x)^AM^x)A{x)dx 

= f fix) J, x)Aix)dx 

Jr 

= (-!)'• f(AA,, + 2sgS)7(x)^A,ea^)A(x)dx 

Jr 

= r A7f(-x)'¥A7A, x)A(x)dx 

Jr 

= ^AAKsmi 


where S denotes the symmetry Sfix) = fi-x). Above we have used (AA,£+2eipS)''oS = 
(-1)''S oA^ ^.Thus 


[iiAr^AAm)f = f A7f(x)d^,'¥AA7-x)A(x)dx. 
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On the one hand, using Theorem 14.31 2 we obtain 

J IAYJ(x)l i\x\ + 1 / 

f |A^e/(x)| i\x\ + 1/ 

J\x\<a 

f I J(x)l {\x\ + 1)^ V; 

J\x\>a 

< ce f \KJ(x)\ <Po(x)-^^P (\x\ + l)2/p+^+' e-^P'M(x)dx 

J\x\<a 

+C6 f |A;,/(;c)| Mx)-^^^ (UI + e-^Pl^>A(x)dx. 

Jlxl>a 


< Cs 
= Cs 

+C5 


On the other hand, by mimieking the proof of 0 Lemma 4.18] we have: 

(i) For |.r| < a, 

r r-1 r n,- 

iKjMi < C7( Y, \f\x)\+Y + E E 

i=0 i=0 i=0 m=0 

where = ^,„(x, r) g] - |a:|, |v|[. 

(ii) For |a:| > a. 


r r-1 

r=0 r=0 

The estimate 

r(^AAf)) < C8 E ^ 

finite 

is now a matter of putting the pieees together. 

The injeetivity of the transform ^a.e on ,5^p(R) is elear, by the faet that ^a,e is injee- 
tive on L‘^{R,A{x)dx) for 1 < o < — 7 = (see Theorem lOl) and the faet that ^n(R) is 
a dense subspaee of L'^(R,A(x)dx) for all ^ < 00 so that p < q. 

This eoneludes the proof of Lemma [8.101 □ 

Lemma 8.11. Let -1 < £ < 1 and 0 < p < ^=. The inverse Fourier transform 

’^ae ■ ^ ^(R) given by 

^f]jT.{x) = j f /j(/l)'PA,£(d,A:)(l - TT^idA) 

^ Jr lA 

is continuous for the topologies induced by ^(Cp^f) <^nd J^p(R). 


Proof Let / G .^(R) and let h G PVF(C) so that / = Given a seminorm a on 

S^p(^ we should find a eontinuous seminorm r on S^lCp^f) sueh that cr(/) < c T{h). 
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Denote by g the image of h by the inverse Euelidean Fourier transform Making 
use of the Paley-Wiener Theorem 18.41 for ^ and the elassieal Paley-Wiener theo¬ 
rem for ^euc, we have the following support eonservation property: supp(/) c /« : = 
[-R,R] <» supp(g) c Ir. 

For j 6 N>i, let a>j 6 C“(R) with coj = 0 on and ojj = 1 outside of 7/. Assume 
that ojj and all its derivatives are bounded, uniformly in j. We will write g, = (Ojg, and 
define hj := and /,• := Note that gj = g outside Ij. Henee, by the 

above support property, fj = / outside Ij. We shall estimate the funetion 

1 -^ (U| -h 1)" \ff\x)\ 

on /y+i \ Ij with J 6 N>i. Reeall that /,• = / on \ / j. In view of Theorem [43] we have 


\ff\x)\ < r \hj{x)\\d’^,^>AM^x)\ 

Jr 

- f \hj{X)\ (|/1| -I- 1)' 

Jr 


1 _ 

iA 

k 


n^idA) 


1 _ 

iA 


TTsidA), 


where 


1 _ 

iA 


TTeidA) = 




^ jA ^ - (1 - £ 2)^2 1 ^^ ^-^2 _ (1 _ 


2^R\1 




By knowing about the asymptotie behavior of the c-funetion (see Seetion 2), one eomes 
to 

\ff\x)\ < 

for some integer ti > 0. It follows that 


sup (U! + 1)^ ipoixT^IP \ff\x)\ < C2 r' r;® (hy). 


Reeall that the two seminorms (see (^835i) and (see (8^,26)) are equivalent 
on y'{Cp^s)- Sinee hj = ^endgj), it follows that 


Thus 



/^euc(g;)(4). 


i=0 ' ' 

< C3 y supdyj-h 1)^ jg^^^Cv)! 

h 

= C 3 y sup sup(y -r 1)^ jgf (wy)|. 

vt'e|±l|>'€R+ 
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Now one uses the Leibniz rule to eompute the derivatives of gj = cojg. Sinee coj = 0 on 
/j_i and is bounded, together with all its derivatives uniformly in j, then we have 

h 

< C4 y sup sup (y + 1)2 

(=0 ‘*'S|±l| )'6 R+\/j_i 

Hence 


yi+l gfAf-l+Vl-eh ~(0) 


f)l’o(hy) < C5 y sup sup CV + 

i=o '^sl±il .vsiR-+\r;-i 


^+3 ^e.y(|-i+VI^) \gi\wy)i 


Recall that g(x) = ^^^^(h)(x), where ^euc is the Euclidean Fourier transform and 
h G EVLCC). By Cauchy’s integral theorem, it is known that 

p(u) e"" g^^\u) = cst J" p(idA)l^(iA - afh{A + ia)^e'^“dA, 

for any polynomial p G R[m]. Hence, 

h 

y sup sup (y + 1)^'^2 g»’(|-i+VE^) 
f=o '^sl±il>’sR+\r;-i 
i+3 

< cgy sup (ui + i)^M/*^'‘y)i 

r=0 

5+3 

r=0 

for some integer t 2 > 0. 

It remains for us to estimate the function 


X ^ (|v| + 1)^ ip,{x)-^l^^\f’^\x)\ 

on /i = [-1,1]. First, it is not hard to prove that for |.v:| < 1, there is a positive constant 
c and an integer > 1 such that 




^ (ui + ir ,, 

< C—T- -<Po{x) 


\iA - eQ\ 

for d G R such that |d| > Vl - s^g. Now, arguing as above, we have 


(8.27) 


iy^(v)| < ci^o(3i:) I |A(-))I G 


fi 


(idi + ir 


lid - eQ\ 


1 _ 

iA 


UeidA). 


Since 1\ is compact, it follows that 

supCUl + 1)" ipoixY^'P |/®(a:)| < C2 f |h(d)| ^ 

xe/i Jr 


( \A\ + ir 

I id - sg\ 


1 _ 

iA 


TT^CdA) 


< CsT^^^Ch), 

for some integer t > 0. 

This finishes the proof of Femma lS.lll 


□ 
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In summary, we have proved: 


Theorem 8.12. Let -1 < e < 1 and 0 < p < ^=. Then the Fourier transform ^a,e 

is a topological isomorphism between and 


9. POINTWISE MULTIPLIERS 

2 


For -1 < e < 1 and 0 < p < denote by ^piR) and by ^'(Cp,e) the topologi¬ 

cal dual spaces of S^p(R} and S^iCp^s), respectively. 

Let / be a Lebesgue measurable function on R such that 




\f{x)\ipQ{xf'P{\x\ -L 1) ^A(x)dx < C 
for some ^ 6 N. Then the functional Tf defined on .5^,(R) by 




f(x)(p{-x)A(x)dx, (f) 6 ^p(R) 


is in Indeed, 


Kr/,0)| < f \f{x)\ipQ{xflP{\x\ + 1) ^A{x)dx 

Jr 


< oo. 


Further, since p < ^ < 2, the Schwartz space y'p(R) can be seen as a subspace of 

y'piR) by identifying / e .5^p(R) with Tf e ^p(R). 


p\ / j - j b J p\ J j p\ 

Now let fi be a measurable function on R such that 


/ 


|fi(d)|(UI +1)- 


1 _ 

iA 


nfdA) < oo 


for some £ gN. Here neidA) denotes the Plancherel measure (8.2), 


n^{dA) = 


Ul 


y]A^ - (1 - s^)q^ | c ( yjA^ - (1 - 


\ - yl-s-g,yl-s^g\ 




where c is the Harish-Chandra’s function associated with the operator A (see Section 2). 
Then the functional defined on S^{Cp^s) by 





1 _ 

iA 


ne{dA) < oo. 


Moreover, since \c{p)\ ^ ~ for \p\ large (with a > -1/2) and 


I . . ._2 _ I \f\^ for \f\ «: 1 and £) > 0, 

||^|2q'+! i^i ^ j ^ = 0, 

it follows that the Schwartz space yiCp^s) can be identified with a subspace of S^'iCp^s)- 
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For T in ^'(R), we define the distributional Fourier transform ^ae{T) of T on 


{^A,e(T\ ^aM)) = {T, 0), 0 6 ^p(R). 


(9.1) 


That is, 


{^aAtx 0 ) = (T, 0 6 


This definition is an extension of the Fourier transform on ,50(R). Indeed, let / 6 ,^p(R) 


with 0 < p < 
have 


l+Vl-e- 


< 2. Applying Fubini’s theorem, then, for every 0 G S^p(R), we 


= £^AAfm^A,sW(A)(l - ^)7r,(dA) 


I 


f(x)[ I ^A,e(^)(^)'^A,£('^’- ^)^e(dA)jA(x)dx 


= £ f{x)(p{-x)A{x)dx 

= (r/,0). 

Henee ^aA^/) = =^a,.(/)- 

A funetion 0 defined on Cp ^ is ealled a pointwise multiplier of ^(Cp e) if the mapping 
0 00 is eontinuous from y{CpA into itself. The following statement eomes from (H 

Proposition 3.2], with changes appropriate to our setting. 

Lemma 9.1. Let 0 be a function defined on Cp_£. Then, 0 is a pointwise multiplier of 
if and only iff satisfies the following three conditions: 

(i) 0 is holomorphic in the interior of Cps. 

(ii) For every t G N, the derivatives extend continuously to Cp,£. 

(iii) For every t G N, there exists U; G N, such that 


sup (|/1| + 1) ^'\A^{X)\ < OO. 


(9.2) 


/IeCh, 


2+Vl-e2 


< D < 


1+Vl-e- 


Theorem 9.2. Suppose that 0 < p < —j whenever p = 0, and 

whenever g > 0. If T G ^p'(R) such that 0 := ^A,e(7’) Is a pointwise multiplier of 
S^iCpA, then for any 5 G N there exist G N and continuous functions fm defined on \ 
m = 0,1,... ,i, such that 




m=0 


and, for every such m. 


sup(|x| + l)>o(.*^) 


\fmA)\ < 




Here Aa,e is the differential-reflection operator (3.1). 
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(9.3) 






Proof. It is assumed that if/ = ^aAT) is a pointwise multiplier of yiCp^g)- Then by 
Lemma [9n for all t 6 N there is an integer n, G N sueh that 

sup (|/l| + \y''\if/^'\A)\ < oo. (9.4) 


Fix 5 G N and eonsider an integer i that will be later speeified. Define the funetion k on 

Cp,s by 

K(d) = (iA + Q+ 1)“V(T). 

In view of our assumption on p, the funetion k satisfies the first and the seeond eon- 
ditions in the definition of the spaee A^iCp^e)- Further, sinee |'l'A,e(d, .^)l < V2 for all 
d G R, we have 




■ rK(d)'F^,,(d,x)(l-^);r,(Jd) <ci r 
Jr '' lA' Jr 


|K(d)| 


1 _ 

iA 


TT^idA), 


where 


1 _ 

iA 


TTsidA) 


a/A^ + 






Thus, in view of the estimate (9.4) and the behavior of \c{p)\~^ for small and large |yu|, it 
follows that ^^g(K)(x) exists for all x G R provided that ^ > no + 2cr + 2. Moreover, for 
all (p G S^pfK), Fubini’s theorem leads to 


/ 


= Cl 

= Cl 


0(-x),^jj,(K)(x)A(x)Jx 

J" 0(-x)( J' K(/l)'PA.e(d,x)(l - /rs(dA)jA(x)dx 

K(d)( J" f(-x)'¥A,s(d, x) Aixfdx'j^l - ^"j/r^idA) 

= Cl £ AA)^A,smX)(l - nMX). 

It follows that the inverse Fourier transform ^^^(k) of k as an element of y'{ 
eoneurs with the elassieal Fourier transform of k. Further 

T = + £. + D'k) = ^ ( j (<> + := ^ AJ.*.. 

m=n ' ' m=n 




It remains for us to show that, given 5 G N, the funetions f,n satisfy (9.3 ), provided that t 
is large enough. To do so, we will use a similar approaeh to that in the proof of Lemma 
WAV[ 

Denote by ^ := and by g := where ,^euc denotes the Euelidean 

Fourier transform. Observe that if i is large enough, then g is well defined. For y G N>i, 
let ojj G C“(R) sueh that coj = 0 on /,_i := [-(j - 1), j - 1] and coj = 1 outside of 7/. We 
shall assume that cOj together with all its derivatives are bounded, uniformly in j. 

We set gj := tOjg, and define := ^eudgj) and Sinee ojj = 1 outside 

of Ij, it follows that gj- g = 0 outside of Ij. That is supp(gy - g) c f. Using the support 
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conservation property from the proof of Lemma fS.lli we deduce that § may differ from 
only inside /, . Now, we will estimate the funetion 



(9.5) 


first on Ii and next on /y+i \ Ij for 7 G N>i. 

We elaim that x)| < C 2 {\A.\ + l)^o(.^) for d G R sueh that |/l| > Vl - s'^g. 

Indeed, as d g R sueh that |dl > Vl - s^g, it follows that /Zg G R. Thus, the elaim 
follows from the superposition (3.3) of'T^.^Cd, x) and the faets that < cpoix) and 

\ip'^J(,x)\ + Q^)(po{x) (see Lemma ^31 4 and |2.2i 5). 

From the elaim above we have 



Sinee I\ is eompaet, we deduee that for every 5 g N 


sup (IV + l)>o(.^) < 00 


whenever i > no + 2a + 3. Here the parameter hq eomes from (9.4). Now we eonsider 
the estimate of the funetion (9.5 ) on \ Ij for j G N>i. Reeall that § = outside of Ij. 
Arguing as above, we obtain 


liy(x)| < C 5 tpoix) sup |(d + l)'‘Ky(d)| 


/i€E.\]- 

for some integer ti > 2a + 3. It follows that 




XElj+\\Ij 

Sinee Ky = ^sadgj) with gj = ojjg, we elaim that 


/l€R\]- gl-E^-g, gi-E^-g[ 





q=Q we|±l| xm.+ \Ij-i 


sup (v + l)^|g^^Vwv)|. 


(9.6) 


Indeed, on the one hand 



r=0 



(9.7) 


On the other hand, we have 



as IV ^ + 00 . 


(9.8) 
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In fact, starting from g = we obtain 

g^‘^\x) = c f K(A)(iA)‘>e‘^’‘dA. (9.9) 

Jr 

Thus, if ^ > no + + 1 then by Riemann-Lebesgue lemma for the Euelidean Fourier 

transform, g^‘^\x) ^ 0 as \x\ oo. Thus (9.8) holds true. Now, in view of (9.8 ) we may 
rewrite (9.7) as 


nr ^ 

(A + iy‘Kj(A) = X X ^9’'- I 

Reeall that the funetion coj vanishes on Ij-i and is bounded, together with all its deriva¬ 
tives, uniformly in j. Therefore, 

|(T+1)^‘k/T)| < cV r \g^‘^\x)\dx 

^ Jr\/;-. 

n 

< cV sup (|v| + l)2|g(^)(x)|. 

^=0 

This finishes the proof of our elaim (9.6). 

It follows that 

s^ KT-r l)'‘Ky(/l)| 

E-g, Al-E^g[ 




<c-;y sup sup (x+ 

^ w€|±l| xeR-r\Ij_i 

Next we shall prove that the right hand is finite. Assume first that ,0 = 0. By (9.9) we 
have 

i+2 p 

{X + iy^^g^‘^\wx) = X Cg,r I k(A)A‘^ dA. (9.10) 

r=Q J* 

We elaim that 

(k(T)T^)(''^ ^ 0 as |d|^+oo (9.11) 

provided that i is large enough. Indeed, this elaim follows immediately from the fact 
that 

r 

(k(T)T'?)(''^ = X CaA‘i~’'^^\6''^{A) (with r - a < q) 


fl =0 
r a 




(9.12) 


a=0 b=0 


together with the faet that i/r satisfies (9.4). Thus, by (9._11) we may rewrite (9^1]0) as 


s+2 p 

(x + 1)"^V^^(WX) = X<r I W)A^f^ y^^^dA. 


(9.13) 
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Using again the fact that if/ satisfies (9.4) together with the double sum (9 .12 1), it follows 
from (9 JJ3]) that for = 0 

sup sup {x + l)'''*'^|g*^^\wjc)| < oo 

w€|±l| a:€R+\/j_i 

provided that i is large enough. 

Now assume that > 0. Since g = ^euc('^) ^ holomorphic in the interior of 

Cp_£, Cauchy’s integral theorem gives 

p{u) e"" g^‘‘\u) = cst J" - a)^K:(A + ia)^e^^'^dX, 

with p{x) = (x+ and or = (2 - 1 - Vl - s^)g. The same argument as above implies 
that 

sup sup (.r+ < oo 

W£|±l| 

provided that i is large enough. 

Putting the pieces together we conclude that 

sup {\x\ + < oo 

XElj+\\lj 

for £ large enough. □ 
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